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Abstract 

We use the concept of a regular object with respect to another object in 
an arbitrary category, defined in [3], in order to obtain the transfer of regular- 
ity in the sense of Zelmanowitz between the categories R— mod and S— mod, 
when S is an excellent extension of the ring R. Consequently, we obtain a re- 
sult of [5]: if S is an excellent extension of the ring R, then S is von Neumann 
regular ring if and only if R is also von Neumann regular ring. In the second 
part, using relative regular modules, we give a new proof of a classical result: 
the von Neumann regular property of a ring is Morita invariant. 



1 Introduction and preliminaries 

A ring R is called von Neumann regular if for any r G R there exists s6i? such 
that r = rsr. Zelmanowitz generalizes this concept to modules in [7]: a left module 
M over the ring R is called regular if for each m G M there exists g G HorriR(M, R) 
such that g(m)m = m. Since a morphism / G Homn(R, M) is uniquely given by an 
element m G M, one can reformulate the regular module defined by Zelmanowitz 
as follows: for any / G Homn(R, M) there exists g G Homn(M, R) such that 
f = f°9°f- 

In paper [3] it was defined the concept of a regular object with respect to an- 
other object in an arbitrary category, which extends the notion of regular module. 



Definition 1.1. Let M and U be objects of a category A. We say that M is 
U— regular object if for any morphism f : U — > M there exists a morphism g : 
M — > U such that f = / o g o f. 
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Obviously, if R is a ring and M is a left R— module, then M is a regular module if 
and only if M is R— regular in the category R— mod. 

The following result provides a key characterization of regular objects in abelian 
categories. 

Proposition 1.2. ([3, Proposition 3.1])Let M and U be objects of an abelian cate- 
gory A. Then M is U— regular if and only if Ker(f) is a direct summand of U and 
Irn(f) is a direct summand of M for any morphism f : U — > M. 



2 Excellent extensions 

Let S be a ring and let R be a subring of S such that R and S have the same 
identity 1. We say that the ring S is a free normalizing extension of R if there exists 
a finite set {ai, a 2 , .., a n } C g such that ax — 1, 5 = 2\^=i a *-^' a «-^ = -^ a «' f° r an 
i — 1, ..,n and 5 1 is free with basis {ax, 02, .., a n } as both a left and right R— module. 
Further, a free normalizing extension R C 5 is called an excellent extension if 5 is 
left i?— projective (i.e. if siV is a submodule of 5M such that rN is a direct sumand 
of rM, then ^iV is a direct sumand of 5M). 

The concept of excellent extension was introduced by Passman [B] and named 
by Bonami [2J. The class of excellent extensions includes n x n matrix rings and 
crossed products R* G where G is a finite group with IGT 1 e i2. 

Lemma 2.1. Assume that M is U— regular in a category A. The following asser- 
tions hold true: 

(1) IfU ~ U' , then M is U' —regular. 

(2) If M ~ M', then M' is U -regular. 

The first main result of this paper is: 

Theorem 2.2. Let S be an excellent extension of a ring R and let M be a left 
S— module. Then the following assertions hold: 

(1) If rM is regular, then 5M is regular; 

(2) If gM is regular and torsion-free module, then rM is regular. 

Proof. (1) Assume that rM is regular, hence M is R— regular in the category 
R— mod. Since Rai ~ R as left R— modules, by previous lemma we obtain that 
M is Rai— regular in R— mod, for all i — 1, ...,n. According to j3l Corollary 3.9], it 
follows that M is ©" =1 i?aj— regular in R— mod, that is S— regular in R— mod. 

Now we show, using Proposition 1.2, that M is S— regular in S— mod. Consider 
/ : S — > M an arbitrary morphism in S— mod. Then / is a morphism in R— mod. 
Since M is S— regular in R— mod, then nKer(f) is a direct summand of rS and 
Rlm(f) is a direct summand of rM. But S is left R— projective. It follows that 
sKer(f) is a direct summand of $S and sl m {f) is a direct summand of jM, hence 
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sM is regular. 

(2) We will use the following result obtained by Zelmanowitz: a left R— module 
M is regular if and only if every cyclic submodule of M is projective and a direct 
summand of M (see Theorem 2.2]). 

Let m be an arbitrary element of M. Consider the cyclic submodule Sm of M. 
Since is a regular module, then sSm is projective and therefore, by the restric- 
tion of scalars, rStti is projective. On the other hand, since 5M is a torsion-free 
module, by S = ©™ =1 f?a;, it follows 

Sm = ®™ =1 Raim = Rm © (Q^Raim). (1) 

Hence Rm is a direct summand of Sm in the category R— mod, showing that nRm is 
a projective module. On the assumption that 5M is regular, we also obtain that Sm 
is a direct summand of M in the category S— mod, hence in the category R— mod. 
Since Rm is a direct summand of Sm in R— mod, it follows that Rm is a direct 
summand of M in the category R— mod. Hence rM is regular. 

□ 

Corollary 2.3. Lei S 1 be an excellent extension of a ring R. Then R is von Neumann 
regular ring if and only if S is von Neumann regular ring. 

Proof. Suppose that R is von Neumann regular ring, namely rR is a regular module. 
Since Rat ~ R as left R— modules, it follows that aRai is a regular module, for any 
i = l,...,n. By [7J Theorem 2.8], we obtain that S = (Bf =1 Ra,i is regular as left 
R— module, so, using Theorem 2.2, S is regular as left S— module. Hence S is von 
Neumann regular ring. 

Conversely, suppose that S is von Neumann regular ring. Let r be an arbitrary 
element of R. Then there exists an element s G S such that r = rsr. Since S 
is a free extension of the ring R with basis {a%, 0,2, .., a n }, then there exist unique 
elements s\, s%, s n G R such that s = s\ + S2tt2 + ... + s n a n . Therefore r = rs\r, 
showing that R is von Neumann regular ring. 

□ 



3 Morita equivalence. Morita context 

In the following, using again relative regular modules, we give a new proof of a 
classical result: the von Neumann regular property of a ring is Morita invariant. 

Lemma 3.1. Let R and S be Morita equivalent rings via the equivalence 

F : R — mod — > S — mod and M, U be two left R— modules. Then M is U— regular 

if and only if F(M) is F(U)— regular. 

Proof. If A and B are two categories, it is well-known that a covariant functor 
F : A — ► B is an equivalence if and only if it is both faithful and full , and each 
B G B is isomorphic with some F(A) with A G A. Using this result, our lemma is 
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a consequence of [3l Proposition 2.4]. 

□ 

Theorem 3.2. Let R and S be Morita equivalent rings via inverse equivalences 
F : R — mod — > S — mod and G : S — mod — > — mod. Then R is von Neumann 
regular ring if and only if S is von Neumann regular ring. 

Proof. Assume that S is von Neumann regulat ring, hence S is S— regular in the 
category S— mod. If we set Q = G(S), by [H Theorem 22.1] R Q is a progenerator 
and F(Q) ~ S. Thus F(Q) is F(Q)— regular in S— mod. Using Lemma 3.1, it 
follows that Q is Q— regular in R— mod. Since rQ is a generator, by [U Proposition 
17.6] there are a left R— module Q' and an integer n > 1 such that 

~ i? © Q' (2) 

According to [3j Theorem 3.8] and [3j Corollary 3.9], is Q^ n >— regular in R— mod. 
Using now [3, Proposition 2.3], by (2) it follows that R is R— regular in R— mod, 
hence R is a von Neumann regular ring. 

The converse is similar. □ 

A Morita context, denoted by (R, S, M, N,4>,ip) consists of two rings R, S, 
two bimodules rM s , sNr and two bimodules morphisms <p : M ®s N —> R and 
ip : N ® R M -> S such that: 

(j)(m (g> n)m' = mif)(n ® m') (3) 
■0(ri ® m)n' = n<p(m (g> n') (4) 

for any m,m' G M and n, n' G iV. These conditions ensure that the set T of gener- 
alized matrices 



r m 
n s 



r e R,s E S,m e M,n e N 



with ordinary matrix addition and multiplication induced by and ifj, forms a ring, 
called the ring of the Morita context. 

A Morita context is strict if both </> and ip are epimorphisms. A fundamental 
theorem of Morita says that the categories of modules over two rings with identity 
R and S are equivalent if and only if there exists a strict Morita context connecting 
R and S. 

In order to investigate von Neumann regular rings for Morita contexts we need 
the following lemma, due to Goodearl. Here we indicate a short proof, using relative 
regular modules. 



Lemma 3.3. Let ei, .., e n be orthogonal idempotents in a ring R such that e± + ..+ 
e n = 1. Then R is regular if and only if for each x G eiRej there exists y G ejRei 
such that x = xyx. 
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Proof. Using the isomorphism Hom^Rei, Rej) ~ eiRej and the hypothesis, it fol- 
lows that Rej is a Re— regular object in R — mod, for any 1 < i,j < n. By 
[31 Corollary 3.9] we obtain that Re^ is Re\ © Re 2 © ... © Re n — regulat, so Rej is 
R— regular, for any 1 < j < n. Now, using [31 Theorem 3.8] we get that R is 
R— regular, as desired. 

□ 

Theorem 3.4. Let T be the ring of a Morita context (R, S, M, N, 4>, ip) 

(1) If T is a von Neumann regular ring, then R, S are also von Neumann 
regular rings and M , N are regular as left and ringht modules; 

(2) If the Morita context (R, S, M, N, is strict, R, S are von Neumann 
regular rings and M , N are regular as left modules, then T is a von Neumann 
regular ring. 

Proof. (1) Denote e = ( _ j. Then R ~ eTe and S ~ (1 — e)T(l — e), showing 



V , 

that R and S are von Neumann regular rings. 

/ Tfl 

Let m be an arbitrary element in M and consider the matrix ) E T. 







, , 6T such that 

n s J 

m \ ( m\ ( r' m' \ ( m 

j = I O n' s' ) { 



It follows that 






111 ^ 
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j 
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4>{m © n')m 




and therefore m = 0(m © n')m. Define g : M ^ R such that (/(/z) = © n'). 
Obviously, g is a morphism of left i?— modules and g(m)m = m. Hence R is regular 
as left R— module. On the other hand, since m = <f>(m © n')m, by relation (3) 
it follows that m = mip(n' © m) and thus we obtain that M is regular as right 
S— module. 

Similarly, we can prove that TV is regular as left and right module. 

(2) We show that T is von Neumann regular ring using previous lemma and the 

complete set of orthogonal idempotents {e, 1 — e}, where e = ( J jj 

/ m \ 

Let x G eT(l — e). Then x = I , with m G M. Since M is regular left 



x 

R— module there exists g G Hom^M, R) such that g(m)m = m. But the morphism 
0:M©siV— > Ris epic, so there exists n E N such that 0(m©n) = <?(n). Consider 

^ = f n j' ^ ne eas ^ cnec ks that y G (1 — e)Te and moreover x = xyx. 

Similarly, if x G (1 — e)Te we can find a matrix y G eT(l — e) such that x = xyx. 
These facts, together with von Neumann regularity of the rings R and S provide 
that T is von Neumann regular ring. 

□ 
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